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    نمره است  2بارم هر سوال 

  

1.Let s and t be two nonnegative measurable simple functions on X , where (X, �,
µ

) is a 

measure space. Show that : 

(i) Show that the following function, 
ϕ

 , is a measure on � : 

( ) ,
E

E s d Eϕ µ= ∀ ∈∫ � 

 

 

(ii)  
( )

X X X
s t d sd tdµ µ µ+ = +∫ ∫ ∫  

Also show that , if f 1  and  f2 are non- negative measurable functions,then 

( )
X X X

f f d f d f dµ µ µ+ = +∫ ∫ ∫1 2 1 2  

 

2. Define an upper semicontinuous function and show that if f 1  and f2  are two non- negative real 

valued functions on � and both are upper semicontinuous, then f f+1 2  is an upper 

semicontinuous function. 

 

3. Write the Minkowski’s inequality and then prove it. 

 

4. Let p >0  and ( ) ( )
p

f L fµ∈ ≥0  , where X  is a measure space with the positive measure µ .  

Let for all n N∈  , { }min ,nf f n=  . Show that ( )
p

nf L µ∈  and nf f→  in ( )
p

L µ . 

 

5. Let L be a continuous linear functional on the Hilbert space H and { }|M x H Lx= ∈ =0  .  

Prove that , if M H≠  then M ⊥
 is a vector space of dimension 1. 
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6. Let L is a continuous functional on the Hilbert space H. Prove that there exists an unique element 

y H∈  such that ( , ) ( ).Lx x y x H= ∀ ∈
 

 

7. Calculate the following integrals: 

[ ] [ ]( ) (
x

R
i e dx x+

−
∫ is the integer part of  x ) 

 

[ ],
( ) ( ) (Qii x dxχ χ∫ 0 1 is the characteristic function On the rational numbers Q . ) 
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