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1.Prove that the set of points at which a sequence of measurable real-valued functions converges (to a 
finite limit) is measurable.  ( نمره2  )  
 
 
2. State and prove the Fatou’s Lemma.   ( نمره2.5  )  
 
 
 
  3. (a) Let  1,  2 be two nonnegative upper semicontinuous functions on R. Prove that  1 #  2 is upper 
semicontinuous too. 
(b) Let  $ % χ

&'()
, (* ∈ ,, - % &.1, .2, … )). Prove that each  $ is an upper semicontinuous function but    

∑  $1$21  is not.   ( نمره2.5  ) 
 
 
 4.(a) Let X be a locally compact and Hausdorff space & µ   be a measure on a σ 7-algebra 8 in X, with 
the properties stated in Riez Representation Theorem. Prove that for 1 ; < = ∞, ?@(A)BBBBBBBB % CD E µ F. 
(b) For every  , G ∈ ?H0,1I, define( , G) % J  (K)G(K)BBBBBBLK1

0
.  Prove that CH0,1I isn’t a Hilbert space( ( , G) is 

inner product  , G ). ( نمره2.5  )  
 
 
  5.Suppose H is a Hilbert space, L is a continuous linear functional on H and M%&O:   CO % 0). Prove that 
dim QR%1(unless M%H). ( نمره2.5  ) 
 
 
  6. If X is a normed linear space and 0 T O0 ∈ X, then prove that there is a bounded linear functional   on 
X such that U| |U % 1,  (O0) % ||O0||.( نمره2   ) 
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